We present a reduced-order model for electrically actuated microplate-based MEMS. The model accounts for the electric force nonlinearity and the mid-plane stretching of the plate. The linear undamped vibration modes are found numerically using the hierarchical finite-element method. These mode shapes are used in a Galerkin approximation to reduce the partialdifferential equations of motion and associated boundary conditions into a finite-dimensional system of nonlinearly coupled second-order ordinarydifferential equations. The model is validated by comparing its results with those obtained experimentally and those obtained by solving the distributed-parameter system. The model is used to calculate the deflection of the microplate under dc voltages and study the pull-in phenomenon. The natural frequencies and mode shapes around these deflected positions of the microplate are calculated by solving the linear eigenvalue problem. The effects of various design parameters on both the static and dynamic characteristics of microplates are studied. The reduced-order model provides an effective and accurate design tool, useful in design optimization and determination of the stable operation range of MEMS devices.
Introduction
An electrically driven microplate forms one side of the variable capacity air-gap capacitor shown in figure 1. As the capacitive force deforms the microplate, the force changes with the plate deflection, resulting in the coupling of the electrical and mechanical forces. Such capacitors are the actuation components in many micropumps, micromirrors, microphones and microsensors [1] [2] [3] [4] [5] . Application of these MEMS devices are spread over biotechnology, image processing, automotive, chemical, food and mining industries.
The applied electrostatic load has an upper limit beyond which the mechanical restoring force of the microplate can no longer resist the electrostatic force, thereby leading to the collapse of the structure. This structural instability phenomenon is known as the 'pull-in', and the critical voltage associated with it is called the 'pull-in voltage'.
The microplate restoring force is composed of three components: the plate resistance to bending, the membrane stiffness due to the externally applied in-plane loads, and midplane stretching due to the fact that deflection increases the length of the plate sides while each pair of opposite boundary restraints oppose that. The linear term in the expansion of the electrostatic force acts as a negative spring; therefore, increasing the electrostatic force shifts the natural frequencies to lower values. On the other hand, increasing the mechanical restoring force shifts the natural frequencies to higher values.
Analysis of MEMS devices is challenging because the classical structural dynamics methodology is not easily applicable to the types of forcing and nonlinearities encountered in MEMS. A common approach in the literature is to assume a linear relationship between the excitation force and the plate deflection. The linear plate equation is then solved by numerical methods, such as the Galerkin method, the Rayleigh-Ritz method, and the finite-element method. However, the linear plate theory is only appropriate for small deflections. When the plate deflection is comparable to the thickness of the plate, which applies to most microplates in typical MEMS devices, it produces erroneous results and one has to resort to a nonlinear plate theory [6] .
Francais and Dufour [7] studied the static deflection of a diaphragm under an electrostatic excitation. They attacked Ng et al [8] studied the dynamic characteristics of an electrically actuated microplate. The Laplace equation governing the potential difference between the electrodes was solved using the boundary-element method (BEM). Geometric nonlinearities due to mid-plane stretching were included in the plate model, which was discretized using the finite-element method (FEM). The coupled electromechanical equations were then solved by iteration. They found qualitative differences between the results of nonlinear analysis and those of linear analysis when the plate undergoes large deflection. Because numerous variables are generated by FEM models, this approach makes it difficult to map the design space and identify the relationships between the design parameters [9] .
Nayfeh and co-workers have investigated the nonlinear modeling of the annular plates [10] , clamped circular plates [11] , and simply supported rectangular plates [12] . They determined the static deflection using either a numerical shooting technique [10] or a reduced-order model [11, 12] .
Because the shooting method is an iterative procedure, where a solution is assumed over the whole domain and then corrected iteratively, it is computationally expensive. Further, the shooting method suffers from the stiffness of the equations and hence might become unstable, especially as the pull-in is approached. Reduced-order models, on the other hand, provide a possible solution to these problems.
So far, the basis functions used in the Galerkin reduction were found analytically, which are available for simple structures, such as circular and annular plates and rectangular plates with simply supported boundary conditions [13] . In this paper, we present a reduced-order model for rectangular microplates applicable to any classical boundary condition. The microplate is modeled as a distributed-mass structure actuated by an electric force, taking into account the midpane stretching. The equations are nondimensionalized and the design parameters of the device are lumped into nondimensional parameters. The linear mode shapes are obtained numerically using the hierarchical finite-element method. Then the nonlinear partial-differential equations of the motion are reduced by the Galerkin procedure [14, 15] to a finite system of the nonlinearly coupled ordinary-differential equations.
We investigate the influence of the number of modes retained in the discretization on the convergence of the solution. We then study the mechanical behavior of a fully clamped microplate under electric actuation. The static deflection is calculated for the parameter values that span the design space. Then, the eigenvalue problem, representing linear vibrations around the deflected position of the microplate, is solved for the natural frequencies and mode shapes. The developed model is validated by comparing its results with results obtained experimentally and using a different numerical approach.
Problem formulation
We study a capacitively actuated microplate with the geometry specified in figure 1. To account for moderately large deflections, we adopt the dynamic analog of the von Kármán equations [14, 15] 
whereû(x,ŷ,t),v(x,ŷ,t) andŵ(x,ŷ,t) are the displacements in thex,ŷ andz-directions,t is the time, andN ij is the applied force on the i-edge in the j -direction, ν is the Poisson's ratio, h is the thickness of the plate, E is the Young's modulus, ρ is the material density, d is the capacitor gap, ε is the dielectric constant, and V (t) is the applied voltage. The governing equations of motion (1)- (3) are a system of the eighth-order partial-differential equations; therefore four boundary conditions are prescribed at each plate edge.
For convenience, we introduce the following nondimensional variables:
This choice of x and y shifts the center of the plate to the point (x = 0, y = 0). The nondimensional counterparts of equations (1)- (3) are 
The parameters appearing in equations (4)- (6) are
Dropping the force and nonlinear terms in equation (6) yields
Equation (8) and associated boundary conditions form an eigenvalue problem. Analytical solutions of this eigenvalue problem are only available for plates with at least one pair of opposite edges simply supported. The general eigenvalue problem can be solved using the finite-element method. In this paper, we use the hierarchical finite-element method (HFEM) to solve this eigenvalue problem and the boundaryvalue problems associated with u, v and w. Assuming φ i (x, y) is the ith eigenfunction, we write the transverse displacement field satisfying the boundary conditions as
where q i (t) is the generalized coordinate associated with the ith mode. Substituting equation (9) into equations (4) and (5) and considering the associated in-plane boundary conditions yields a set of boundary-value problems for u and v. Using HFEM, we solve for u and v in terms of q i (t)
y, q i (t)). (10)
Multiplying both sides of equation (6) by (1 − w) 2 , substituting equations (9) and (10) into the outcome, and applying the Galerkin procedure, we obtain a set of nonlinearly coupled ordinary-differential equations, which is the reducedorder model for the microplate.
Model validation
Francais and Dufour [7] measured the centre deflection of a square fully clamped microplate under various electrostatic actuations. In figure 2 , we compare the deflection w max at the centre of the plate calculated using the reduced-order model with the experimental results of Francais and Dufour. There is a good agreement. The macromodel shows robustness, being able to predict the deflections up to the pull-in voltage. The dots correspond to unstable equilibrium solutions and the solid line to stable equilibrium solutions calculated using the reduced-order model.
Zhao et al [12] studied the mechanical behavior of a simply supported square microplate using a reducedorder model based on analytically obtained basis functions. We reinvestigate this problem using the present model. Figure 3 shows variation of the electrostatic pull-in load with the ratio α 1 of the capacitor gap to the plate thickness. The results obtained using the analytical and present models are in excellent agreement. The maximum relative error is 0.5% obtained at α 1 = 2. Variation of the maximum deflection at pull-in with α 1 is shown in figure 4 . The maximum relative error is 0.6% obtained at α 1 = 2. We note that the definition of α 2 is different from that in [12] ; therefore the results from [12] are scaled properly for the purpose of comparison.
Static response
We investigate in this section the characteristics of fully clamped rectangular microplates, which are widely used in micropumps. We use the hierarchical finite-element method to calculate the natural frequencies and mode shapes of the undeflected plates because they are not available analytically. We first perform a convergence study to determine the number of modes to be retained in the discretization in order to obtain accurate results. Then, we use the reduced-order model to perform a parametric study of the static and dynamic behaviors of these microplates.
In figure 5 , we show the variation of the maximum plate deflection with the electrostatic load using 1, 3, 7 and 8 mode approximations. All of the curves have a similar trend, and the results converge as the number of modes increases. In the following computation, we retain 8 modes in the reduced order model.
In figures 6 and 7, we show variations of the electrostatic load and maximum deflection, respectively, at pull-in for various values of α 1 , using linear and nonlinear plate theories. We note that α 1 has no effect on the response obtained using the linear plate theory because it fails to account for mid-plane stretching [12] . Consequently, the linear theory underestimates the device stability limits, predicting a constant electrostatic pull-in voltage and a constant maximum deflection at pull-in. On the other hand, the nonlinear theory predicts a significant impact of α 1 on the plate response. The results obtained with the nonlinear model are significantly larger than those obtained with the linear theory because the mid-plane stretching increases the stiffness of the plate. When α 1 is small, the plate deflection is small compared to its thickness and the linear plate theory produces reasonable results. As α 1 increases, the error resulting from using the linear plate theory increases exponentially. We note that α 1 = 0.25 for the microplate built by and used in the experiments of Francais and Dufour [7] ; therefore a linear plate model was able to predict reasonable results for this case.
Comparing figures 3 and 6, we note that the pull-in voltage for a fully clamped square microplate is much larger than that for a simply supported square microplate for a given α 1 . Further investigation reveals that changes in the predicted pullin voltages of the two microplates are mainly a quantitative difference of α 2 V 2 p = 120 when α 1 varies from 0.1 up to 2.0, as shown in figure 8.
Linear mode shapes and corresponding natural frequencies
When the microplate is deflected, the mode shapes and natural frequencies change correspondingly. In this section, we study these linear vibration characteristics. Figure 9 shows variation of the fundamental natural frequency ω 1 of the deflected plate, normalized with respect to the natural frequency ω electrostatic force increases and approaches zero as pull-in develops. As α 1 increases, the fundamental natural frequency increases for the same level of electrostatic forcing. At high values of α 1 , the fundamental natural frequency first increases with the electrostatic force, then decreases, and eventually approaches zero.
Since the mode shape is an eigenfunction, it does not have an absolute magnitude; therefore the mode shape is normalized with respect to its maximum value. To visualize the mode shapes, we plot the modes along the plate mid-line y = 0. The first mode shape around the flat position and around the deflection near pull-in are shown in figures 10 and 11 for α 1 = 0.5 and α 1 = 2.0, respectively. The nearness of the deflected position to pull-in is defined as the position where the deflected plate fundamental natural frequency ω 1 = 0.1. For both cases, there are no significant changes in the mode shapes as the microplate deflects and approaches pull-in.
Conclusions
We developed a reduced-order model for an electrically actuated rectangular microplate with classical boundary conditions using as basis functions the numerically calculated mode shapes of the flat plate. We validated the model against experimental results and our analytically generated model for simply supported plates. We investigated convergence of the solutions as the number of modes retained in the Galerkin approximation increases. The validated model was used to conduct a parametric study of the static and dynamic characteristics of microplates. The reduced-order model is robust and provides an effective and accurate design tool for the microplate-based MEMS devices.
The nonlinear plate theory predicts that the electric load and maximum deflection at pull-in are significantly larger than those predicted with the linear plate theory. The results indicate the importance of including geometric nonlinearities (mid-plane stretching) and the deflection distribution to avoid underestimation of the stability limit. We found out that both the electrostatic load and the maximum deflection at pull-in increase with α 1 .
The linear vibration problem around the deflected configurations was solved for various parameters. For high values of α 1 , the fundamental natural frequency first increases with the electrostatic voltage, then decreases, and eventually approaches zero. The mode shapes of the microplate do not exhibit significant changes as the plate deflects even when it approaches pull-in. Therefore, the use of flat-plate mode shapes to discritize the plate equations of motion is reasonable over the device operation range.
Appendix. Hierarchical finite-element method
The main difference between the finite-element method and the classical Rayleigh-Ritz method lies in the choice of the admissible functions [16] [17] [18] . The usual finite-element methods divide the domain of interest into a number of convex subdomains. The solution is then locally approximated by piecewise smooth admissible polynomial functions over each individual subdomain. The admissible polynomial functions usually have a low degree of freedom. The most common way to improve the accuracy of the finite-element approximation is to refine the finite-element mesh while keeping the degree of the approximation polynomials fixed. As an alternate method, the hierarchical finite-element method increases the degree of the approximating polynomial functions while keeping the mesh size fixed. One advantage of this method, namely the feasibility to model a plate as one hierarchical finite-element, has attracted the authors to adopt this method.
Using hierarchical displacement functions, we can write the middle-plane displacements as u = where r!! = r(r − 2) · · · (2 or 1), 0!! = (−1)!! = 1, and int is a function that outputs the integer part of its argument. We note that all of the higher order in-plane functions have zero displacement and non-zero slope at each end of the element and all of the higher-order out-of-plane functions have both zero displacement and zero slope at each end of the element. Therefore, the higher-order functions represent an internal displacement field.
